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Abstract
The α− α interaction potential is obtained within the double folding
model with density-dependent Gogny effective interactions as input. The
one nucleon knock-on exchange kernel including recoil effects is localized
using the Perey-Saxon prescription at zero energy. The Pauli forbidden
states are removed thanks to successive supersymmetric transformations.
Low energy experimental phase shifts, calculated from the variable phase
approach, as well as the energy and width of the first 0+ resonance in 8Be
are reproduced with high accuracy.
Key words: Gogny interaction, knock-on nonlocal kernel, variable phase
equation, SUSY potential.
1 INTRODUCTION
In last time there is an increasing interest in understanding the properties
of α-matter mainly due to the believe that this type of hadronic matter occurs
in astrophysical environment in unconfined form. In the debris of a supernova
explosion, a substantial fraction of hot and dense matter resides in α-particles
and therefore the equation of state of subnuclear matter is essential in simulating
the supernova collapse and explosions and is also important for the formation
of the supernova neutrino signal [1].
The basic ingredient in the calculation of the ground state alpha matter [2]
as well in the α-cluster model of nuclei [3] is the α−α interaction potential. This
has been studied extensively using both local and nonlocal interactions. Among
the most important are those using the resonating group model (RGM) [4, 5], the
1
energy and angular momentum independent potential model of Buck, Friedrich
and Wheatley [6] and the phenomenological potential of Ali and Bodmer [7].
There have been proposed several versions of the Ali-Bodmer potential: a Gaus-
sian potential with a stronger repulsive component by Langanke and Mu¨ller [8],
as well a version with a softer repulsive component by Yamada and Schuck [9].
All these models predict potentials quite different in strength and range but all
are claimed to reproduce experimental data up the the breakup threshold.
Microscopic RGM calculations by Schmid andWildermuth [5] lead to the im-
portant conclusion that due to the compact structure and the large binding en-
ergy the radius of the α-particle stays essentially the same during the compound
system formation and therefore the polarization effects could be neglected. This
observation substantiates the idea of calculation of a α − α potential from the
double folding model.
We propose in this paper to generate the α− α potential within the double
folding model using the Gogny force as input. Previously Sofianos et al.[10]
derived the α−α potential using the energy density formalism based on Skyrme
effective interaction.
However, the potential issued from double-folding calculation, even corrected
by knock-on exchange terms, is generally too deep due to the presence of for-
bidden bound states. These states have a clear interpretation within the RGM
model: they are redundant solutions giving fully antisymmetrized wave func-
tions that vanish identically. These latter bound states are eliminated thanks
to successive supersymmetric transformations as given in [11], which preserves
the continuous spectrum (phase-shift) and resonances [12].
In section 2 we present the derivation of the α− α interaction. In section 3
the derivation and the properties of supersymmetric partner are presented. Our
conclusions are given in section 4.
2 Bare α − α interaction : double-folding with
Gogny forces
Since the potentials providing saturation at lower densities of the alpha matter
are highly schematic (infinite repulsive short-range interactions) we turn to a
calculation of the bare α − α interaction based on the double-folding method
for two ions at energies around the barrier, starting with realistic densities of
the α-particle and modern effective nucleon-nucleon interactions.
Within the double-folding model [13] the interaction between two alpha clus-
ters is calculated as a convolution of a local two-body potential vnn and the
single particle densities of the two clusters, namely
vαα(~r) =
∫
d~r1
∫
d~r2ρα(r1)ρα(r2)vnn(ρ,~r − ~r1 + ~r2) (1)
The effective n− n interaction vnn is taken to be density-dependent as ex-
pected from a realistic interaction. It depends on the density ρ of the nuclear
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matter where the two interacting nucleons are embedded. For the sake of sim-
plicity, we choose Gaussians interactions in order to have the most tractable
analytical calculations. A candidate satisfying this requirement is provided by
the Gogny forces [14]. In this paper, we will report results using three main
parametrizations of the Gogny interaction [14], denoted D1 and D1S [15] as
well as the most recent variant, labeled D1N [16].
We remind that the standard form of the Gogny interactions is,
vnn(r) =
2∑
i=1
(W +BPσ −HPτ −MPσPτ )e−r
2/µ2i
+ t3(1 + x0Pσ)ρ
γ
(
~r1 + ~r2
2
)
δ(~r1 − ~r2)
(2)
where ~r = ~r1 − ~r2, and the coefficients W,B,H,M refer to the usual notations
for the spin/isospin mixtures and Pσ,τ are the spin/isospin exchange operators.
The spin-orbit component, present in the original formulation, is ignored here
as it is not material for the α− α system.
For the sake of consistency, i.e. working with Gaussian interactions, we
consider Gaussian one-body density for the α-particle
ρα(r) = 4
(
1
πb2
)3/2
e−r
2/b2 . (3)
In Eq.(3) the oscillator parameter b is adjusted on the root mean square radius
of the α-particle (r.m.s.) given by < r2 >1/2= b
√
3/2 which has to be compared
to the value 1.58 ±0.002 fm, extracted from a Glauber analysis of experimental
interaction cross sections [17].
A more involved density matrix was derived by Bohigas and Stringari [18]
who included short range correlations starting from a Jastrow wave function and
evaluated the one-body density matrix by using the perturbation expansion
of [19] at a low order. The diagonal component of the density matrix so far
obtained is not far from our density (3), and since we want to keep the results
as simply as possible we use Eq. (3). We have checked that the density Eq.
(3) reproduces the experimental charge form factor [20] up to q2 ∼ 2fm−2
momentum transfer.
Antisymmetrization of the density dependent term in the Gogny force is
obtained at follows. Consider the operator,
O = (1 + x0Pσ) (1 − PσPτPx ) (4)
Since δ acts only in S-states, one can take safely P x = 1 and using the usual
algebra of the exchange operators one obtains,
vρd(r12) = t3
(
1 +
x0
2
)
ργδ(r12), (5)
and,
vρex(r12) = −
t3
4
(1 + 2x0)ρ
γδ(r12) . (6)
3
The interest is that the total contribution from the density dependence, is cal-
culated from
vρ(r12) =
3
4
t3ρ
γδ(r12) (7)
and is independent of the value of the spin mixture x0. Therefore we take
x0 = 1. The direct spin-isospin independent effective n− n force in the Gogny
parametrization [2] reads:
vd00(~r1−~r2) =
1
2
2∑
i=1
(4Wi+2Bi− 2Hi−Mi)e−|~r1−~r2|
2/µ2i +
3
2
t3ρ
γδ(~r1−~r2) (8)
Inserting the Gaussian density distribution (3) in the double folding integral
(1) and using a generalization of the Campi-Sprung prescription [21] for the
overlap density similar to the one proposed in [22] for α-nucleus scattering
ρ(1, 2) =
(
ρα(~r1 − 1
2
~s)ρα(~r2 +
1
2
~s)
) 1
2
, (9)
where ~s = ~r1+~r−~r2 is the n−n separation in the heavy-ion coordinate system
[13]. With this approximation, the overlap density does not exceeds the density
of the normal nuclear matter at complete overlap and goes to zero when one
of the interacting nucleon is far from the other. We obtain the local α − α
potential,
vαα(r) = 4
2∑
i=1
(4Wi + 2Bi − 2Hi −Mi)
(
µ2i
µ2i + 2b
2
)3/2
e−r
2/(µ2i+2b
2)
+
3
2
t3
4γ+2
(γ + 2)3/2(
√
πb)3(γ+1)
e−
γ+2
4b2
r2
(10)
which includes both direct and exchange arising from the density dependent
component of the force.
The derivation of the knock-on exchange component corresponding to the
finite range component of the effective interaction is more involved. It is conve-
nient to start from the DWBA matrix element of the exchange operator :
Uˆexχ =
∑
αβ
< φα(~r1)φβ(~r2)|vex(s)P x12|φα(~r1)φβ(~r2)χ(~R) > (11)
where the sum runs over the single-particle wave functions of occupied states in
the projectile (target) and χ(~R) is the wave function for relative motion. After
some algebra (see details in [23]), we arrive at,
Uˆexχ =
∫
Uex(~R, ~R
′)χ(~R′)d~R′
4
where the kernel Uex(~R, ~R
′) is given by,
Uex(~R, ~R
′) = Uex(~R
+, ~R−) = µ3vex(µR
−)
∫
ρ1( ~X + δ1µ~R
−, ~X − δ1µ~R−)
×ρ2( ~X − ~R+ − δ2µ~R−, ~X − ~R+ + δ2µ~R−)d ~X
(12)
where ~R+ = (~R + ~R′)/2, ~R− = ~R − ~R′ and ρ(~r, ~r′) is the one-body matrix
density. The δi = 1 − 1Ai accounts for recoil effects. The equation (12) already
tells us that the range of non-locality ~R− is ∼ µ−1 . In the case of the α − α
interaction we have
U exαα(
~R, ~R′) = 8vex00(2R
−)
∫
ρα( ~X +
3
2
~R−, ~X − 3
2
~R−)
× ρα( ~X − ~R+ − 3
2
~R−, ~X − ~R+ + 3
2
~R−)d ~X
(13)
The local equivalent potential is well approximated [24] by the lowest order
term of the Perey-Saxon approximation. For high energy and a heavy target
the α-nucleus potential reads,
UL(R) =
∫
ei
~K ~R−U exαα(
~R +
1
2
~R−, ~R−)d~R−
= 4π
∫
ρα(X)ρα(|~R− ~X|)d ~X
×
∫
vex00(s)jˆ1(kˆ1(X)
3
4
s) · jˆ1(kˆ2(|~R − ~X|)3
4
s)
× j0(K(R)s/2)s2ds
(14)
where K(R) is the usual WKB local momentum for the relative motion,
K2(R) =
2µ
h¯2
(Ec.m. − UD(R)− UL(R)) (15)
and UD is the direct term including the nuclear and Coulomb potentials. Truly
speaking, the classical momentum is defined only for energies where K2(R) ≥ 0.
At under-barrier energies, K(R) is imaginary in the region R1 < R < R2,
where R1,2 are the classical turning points of the total potential, and the Bessel
function j0 above should be replaced by j0(ix) = sinh(|x|)/|x|. In Eq. (14) the
function jˆ1(x) = 3j0(x)/x arises from the Slater approximation of the mixed
density.
In the particular case of the α− α system the one body density matrix can
be evaluated exactly from 0S HO orbitals,
ρα(~r, ~r
′) = 4
(
1
πb2
)3/2
e−(r
2
++
1
4
r2
−
)/b2 (16)
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Figure 1: Folding α − α potentials (including knock-on exchange) obtained
from three parametrizations of the Gogny effective interaction. The Coulomb
component is omitted. The phenomenological BFW potential is plotted for
comparison.
where
~r+ =
1
2
(~r + ~r′), ~r− = ~r − ~r′ (17)
Explicitly we have,
ρα( ~X +
3
2
~R−, ~X − 3
2
~R−) = 4
(
1
πb2
)3/2
e−(
~X+ 9
4
~R2
−
)/b2
ρα( ~X − ~R+ − 3
2
~R−, ~X − ~R+ + 3
2
~R−) = 4
(
1
πb2
)3/2
e−[(
~X−~R2+)+
9
4
~R2
−
]/b2
(18)
Using the convolution techniques we obtain the compact expression of the non-
local kernel,
U exαα(
~R, ~R′) = −4
(
2
πb2
)3/2 2∑
i
(Wi +2Bi− 2Hi− 4Mi)e
− 1
2
(
8
µ2
i
+ 9
b2
)
R2
−
e−
1
2b2
R2+
(19)
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Adopting the short-hand notation
1
β2i
=
8
µ2i
+
9 + 14
b2
(20)
and using the integral identity
∫
d~se−α
2s2eiβ~s·
~K =
( π
α2
)3/2
e−(βK/2α)
2
(21)
the local equivalent of the nonlocal kernel in the lowest order of the Perey-Saxon
procedure is obtained as, [25],
vexαα(r) =− 32
∑
i
(Wi + 2Bi − 2Hi − 4Mi)
(
βi
b
)3
e
− 1
2b2
[
1− 1
4
(
βi
b
)
2
]
r2
× e± 12 |K|2β2i


e
− 1
2
(
βi
b
)2
|K|r
for K2 < 0
cos
[
1
2
(
βi
b
)2
|K|r
]
for K2 ≥ 0
(22)
Thus we have a sub-barrier branch (K2 < 0) and an over-barrier one (K2 > 0)
for the real part of the local exchange potential. The potentials depicted in Fig.
(1) are obtained by applying the localization procedure at Ec.m. = 0. The deep
potential of Buck et al.(BFW) [6] which has has two ℓ = 0 bound states located
at -72.79 MeV and -25.88 MeV respectively is displayed for comparison. We
notice that all Gogny forces give very close potentials at the surface.
The potentials are tested against high energy experimental data in Figure
2. The results with the Gogny force D1, are labeled Gogny1 on the figure.
Curves labeled F/N are the far side/near side components of the scattering
amplitude. The real and imaginary form factors calculated with Eq. (14) are
slightly renormalized to match the experimental data.
3 Supersymmetric partners of the bare interac-
tions
Once with have obtained the bare interactions by folding including the local
equivalent of the knock-on exchange kernel we notice that the resultant deep
potential has two non-physical bound states. Also, there are several candidates
reproducing qualitatively well the experimental data (see Figure 2). Therefore,
the question of the uniqueness of the potential is raised. The question of forbid-
den states is well-known and has been studied in the supersymmetry approach in
[12]. These states should be removed in order to obtain a physically meaningful
α− α potential.
In this section we describe the method used to remove two bound states
using the formalism of Baye [11, 26] and of Baye and Sparenberg [27] see also
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Figure 2: Test of the heavy ion potential calculated with the D1 parametrization
of the Gogny effective interaction on the high energy α scattering. The results
are comparable with those obtained with the zero range and finite range versions
of the well known M3Y interaction.
refs. [28, 29]. We give the straightforward generalization of equations (3.3) and
(3.5) of [26] to the case where two bound states are removed simultaneously.
Our potential is expected to be energy-dependent because of the Perey-Saxon
approximation. Generally this latter energy dependence is linear and we should
apply the derivation of Sparenberg, Baye and Leeb [30] for linearly energy-
dependent potentials. For the sake of simplicity we take the Perey-Saxon at
zero energy and consider the standard derivation of supersymmetric partners
[27].
Here we consider the case in absence of Coulomb potential. In fact, we will
see further, the results are not, in a certain measure, affected by the presence
of the Coulomb potential.
3.1 Notations
We consider the Schro¨dinger equation for the ℓ-wave
8
(
d2
dr2
+
2µ
h¯2
(E − V (r)) − ℓ(ℓ+ 1)
r2
)
ψℓ(E, r) = 0 (23)
where ψℓ(E, r) is called the regular solution which is uniquely defined, as usual
[31, 32], by the Cauchy condition limr→0 ψℓ(E, r)r
−ℓ−1 = 1. It behaves for
positive values of E as ψℓ ∝ sin(kr−ℓπ/2+δℓ(k)) when r →∞ (k =
√
2µE/h¯2),
provided that V (r) satisfies the integrability condition [32]
∫ +∞
b
|V (r)|dr <∞, b > 0,
∫ ∞
0
r|V (r)|dr <∞ (24)
Here, the δℓ(k)’s are the phase shifts. In all equations µ denotes the reduced
mass of the system and E the c.m. energy. When the potential possesses bound
states labeled E0 < E1 < . . . < EN ≤ 0 (the number of which is finite when
the potential satisfies the integrability condition Eq.(24)) we can define their
normalization Cj (relative to Ej) constant as
1
Cj
=
∫ ∞
0
dr ψℓ(Ej , r)
2 . (25)
Note that the integrability condition (24) discards the Coulomb potential.
In fact, we will see further, the results are not, in a certain measure, affected by
the presence of the Coulomb potential.
It is worth to recall that the exact phase δℓ can be calculated by using the
variable phase method of Calogero [33]. With this method, the phase-shift is
obtained by solving a first order differential equation
∂
∂r
δℓ(k, r) = −v(r)
k
(uℓ(kr) cos(δℓ(k, r)) + wℓ(kr) sin(δℓ(k, r)))
2 , (26)
with δℓ(k, 0) = 0 as boundary condition. In equation (26) v(r) = 2µV (r)/h¯
2 is
the reduced potential. The phase-shift is given by the limit δℓ(k) = limr→∞ δℓ(k, r).
The regular uℓ(kr) and irregular wℓ(kr) solutions of Eq.(23) for v ≡ 0 are
denoted, respectively,
uℓ(x) =
√
πx
2
Jℓ+1/2(x)
wℓ(x) = −
√
πx
2
Yℓ+1/2(x)
in terms of the Bessel functions Jν , Yν of order ν, given in [34]. We have uℓ(x) =
xjℓ(x) where jℓ is the spherical Bessel function of order ℓ. For ℓ = 0 we have
u0(x) = sin(x) and w0(x) = cos(x).
Note that for potentials in the class (24) the Levinson theorem, ( see [31, 32]
and its extension to singular potentials in [35] ) applies. We have, except for a
bound state at zero energy, δℓ(k = 0)− δℓ(k =∞) = nℓπ where δℓ is the exact
phase (26) and nℓ denotes the number of bound states, in the ℓ-wave.
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3.2 Phase-equivalent potentials
In this subsection we remind the method used to remove two bound states using
the formalism of Baye [11, 26] and of Baye and Sparenberg [27]. We follow closely
the derivation given in refs. [28, 29].
Starting with the bare potential v(r) = (2µV (r)/h¯2) then the phase equiva-
lent potential v(1)(r), with the ground state removed is given by,
v(1)(r) = v(r) − 2 d
2
dr2
ln
∫ r
0
dt ψℓ(E0, t)
2 (27)
and the corresponding regular solution for v(1) is,
ψ
(1)
ℓ (E, r) = ψℓ(E, r) − ψℓ(E0, r)
∫ r
0
dt ψℓ(E, t) ψℓ(E0, t)∫ r
0
dt ψℓ(E0, t)2
(28)
The potential v(1)(r) behaves near r = 0 like 2(2ℓ+3)/r2. This is due to its
definition Eq.(27) taking into account that ψℓ(E0, r) ≃ rℓ+1 at the vicinity of
zero.
Removing the next bound state at E1 we have,
v(2)(r) = v(r) − 2 d
2
dr2
ln det(M(r)) (29)
where M is the 2× 2 matrix
M =
[
LE0,E0(ℓ, r) LE0,E1(ℓ, r)
LE1,E0(ℓ, r) LE1,E1(ℓ, r)
]
(30)
with
LEi,Ej(ℓ, r) = LEj,Ei(ℓ, r) =
∫ r
0
dt ψℓ(Ei, t) ψℓ(Ej , t) . (31)
Clearly the determinant of the matrix M behaves like r4ℓ+10 at the vicinity
of zero and the resulting potential has a singularity (8ℓ+ 20)/r2 at the vicinity
of zero.
On the other hand, the regular solution can be written in a compact form
[28, 29]
ψ
(2)
ℓ (E, r) =
det(M˜(r))
det(M(r)
(32)
where we have defined
M˜ =

 ψℓ(E, r) LE,E0(ℓ, r) LE,E1(ℓ, r)ψℓ(E0, r) LE0,E0(ℓ, r) LE0,E1(ℓ, r)
ψℓ(E1, r) LE1,E0(ℓ, r) LE1,E1(ℓ, r)

 (33)
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Figure 3: The supersymmetric partners of the renormalized bare BFW and
Gogny interactions are compared with Ali-Bodmer phenomenological interac-
tion. We have checked that original phase shifts and the 0+ resonance properties
are conserved
3.3 Uniqueness of the potential
The present discussion is made discarding the Coulomb potential. But we ex-
pect that our conclusions remain true as well. The experimental α − α phase-
shift ℓ = 0 are known at discrete energies up to the breakup threshold [36].
Also the properties of the first 0+ resonance in 8Be have been measured by
Benn et al.[37]. If the experimental S-wave phase-shifts satisfy the condition
δexp(k = 0) − δexp(k = ∞) = 0, where k2 = 2µEcm/h¯2, then the underlying
potential, satisfying the integrability condition (24), has no bound state. It is a
consequence of the Levinson theorem (see above). Consequently, the potential is
uniquely determined from the phase-shift δℓ=0(k), given for all positive energies
[31, 32]. The resonance should be at the right place without any fit.
In practical cases, a serious source of uncertainty comes from the fact that
the phase shifts are known at a limited number of discrete energies. Also, the
bare potentials constructed in the above section are too deep and have two
non-physical bound S-states. Such deep potentials are not unique: indeed their
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reconstruction from Gelfand-Levitan or Marchenko procedure [31, 32] includes
the S-wave phase-shifts at all positive energies, the bound states and the corre-
sponding normalization constants Eq.(25).
We dispose of four free parameters namely, the bound state energies E1, E2
and the associated normalization constants C1, C2. We have to adjust them on
the position and width of the resonance which eliminates two free parameters.
The potential is not unique and we have a two-parameters family of solutions.
The supersymmetric transformation described above implies a singularity at the
origin which is that of a centrifugal barrier of angular momentum L = 2N , N
corresponding to the number of removed bound states, here L = 4 as two bound
states are removed.
In a recent paper [38] it was advocated that the supersymmetric transfor-
mation increases the angular momentum by a factor of two in the sense that
the Jost function Fℓ(k), of the starting potential, becomes after removing the
bound state Ej = k
2
j h¯
2/(2µ),
F˜ℓ+2(k) =
k2
k2 + k2j
Fℓ(k) (34)
This latter study was made in absence of Coulomb potential. This implies
that the Sℓ matrix of the primitive potential is exactly the Sℓ+2 matrix of the
SUSY partner (the potential obtained by removing one bound state) We then
expect that the Calogero phase of the SUSY partner, calculated for the ℓ-wave
is −2π/2 = −π. For two bound state we will have −4(π/2) = −2π.
We stress the fact that the S-wave Calogero equation (26), used to calculate
the phase shift for a potential having a singularity at the origin starts from a
modified boundary condition. Let be ν(ν + 1)/r2 , ν 6= −1/2 the behavior of
the singular potential at small distances, the Cauchy condition δℓ=0(k, r) = 0 at
small r is changed. This comes from the fact that the Calogero variable phase
δ0(k, r) is defined by
δ0(k, r) = −kr + arctan
(
ψ0(k, r)
ψ′0(k, r)
)
≃ −kr + arctan
(
kr
ν + 1
)
≃ −kr ν
ν + 1
so that we start from δ0(k, r) = −krν/(ν + 1).
We have calculated the difference of phase between our deep potentials and
the supersymmetric partners when two bound states are removed and found
−2π, even in the presence of the Coulomb potential. To conclude our deep
potentials supposed to reproduce the experimental phase have all the same S
matrix. This latter is preserved by the supersymmetric transformations (and
then the resonance) and the resulting SUSY partners have the same S matrix
but for the angular momentum L = 4. However, when all bound states of the
deep potential are removed thanks to supersymmetry the resulting potential is
expected to be unique in the following sense. If the deep potential supports N
bound states of fixed angular momentum ℓ, then the supersymmetric partner,
obtained by setting all normalization constants Cj , j = 1, 2, ...N to infinity [38],
is unique, depending only on the number N of bound states, which determine
the singularity at the origin of the SUSY partner.
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3.4 Numerical details
Consider the physical potentials discussed in section 2. These potentials re-
produce reasonably well the experimental phase-shift but fail to reproduce the
properties of the first 0+ resonance in 8Be. This is true also for the Ali-Bodmer
and BFW potentials. We correct this deficiency by adjusting a global multi-
plicative factor λ and judge the success of our model if λ ≈ 1.
We first calculate the S-wave phase shift δ0(k) for the effective potential
Veff(r) = V (r) + 4e
2 erf(3r/4)
r
(35)
with e2 = 1.43998 MeV fm. The screened Coulomb potential arises from the
finite size charge distributions in the α-particle. We calculate also the phase
δ0C(k) for the pure Coulomb potential Vc(r) = 4e
2/r and assume that the
difference δ˜0(k) = δ0(k) − δ0,C(k) is the nuclear phase shift in the presence of
Coulomb potential.
We integrate Eq.(26) up to 500 fm in steps h = 0.001 fm and reproduce the
exact value of the phase δ0C (δ
exact
0C = argΓ(1 + iη)) with high precision. The
optimum value of the parameter λ is obtained from a grid search around unity
with a continuous refinement of the grid step hλ = 10
−3 − 10−5 and keep the
value for which sin2 δ˜0(k) = 1, near the required energy of 0.092 MeV. Note that
varying the third decimal of λ varies the position of the resonance by 5.10−4.
We found values of λ close to unity (see Figs.(4) and (5)).
Using henceforth the renormalized potential by the multiplicative factor λ,
the bound state wave functions for the redundant 0S and 1S states are calcu-
lated using a high precision Numerov scheme. The SUSY potentials are then
calculated using Eq.(29) and shown already in Fig (3).
In order to facilitate the calculation for α-matter we expand the SUSY po-
tentials in Gaussian form factors, similar to the Ali-Bodmer interaction,
Vfit(r) = Vre
−(µrr)
2 − Vae−(µar)
2
(36)
with Vr, µr, Va, µa fitting parameters. Since it is impossible to obtain meaningful
parameters in the whole radial range, we restrict the fit in the relevant r = (1.5−
10) fm. The result is given in the Table 1. We obtain almost perfect fits, Fig (6),
but comparison with experimental data require to repeat the renormalization
procedure described above. The correction is of the order of 1% in all cases.
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Figure 4: The S-state phase shift calculated with bare folding potentials in-
cluding direct and exchange components (DEX) are compared with the BFW
results. The parameter λ indicate the renormalization constant.
Table 1: Parameters for the fitted SUSY potentials. The parameter λ is a
renormalization constant which gives the best fit for the experimental S-state
phase shift and the 0+ resonance in 8Be.
Int Vr(MeV) µr(fm
−1) Va(MeV) µa(fm
−1) λ
BFW 254.8000031 0.6470000 101.9716263 0.4600000 0.9920
D1 255.8999939 0.6049346 103.6447830 0.4370000 0.9891
D1N 265.0000000 0.6266215 102.5655823 0.4459522 0.9873
D1S 262.0000000 0.6194427 103.4447250 0.4437624 0.9906
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Figure 5: The S-state resonance in 8Be calculated with the bare folding poten-
tials. The BFW results are shown for comparison.
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Figure 6: Gaussian expansion of the SUSY potentials. The fit was performed
in a restricted radial range r ∼ 1.5− 10fm
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Figure 7: The S-state phase shift calculated with fitted SUSY potentials.
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Figure 8: The S-state resonance in 8Be calculated with fitted SUSY potentials.
Resonance parameters lie in the experimental range [37] for all interactions.
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4 Concluding remarks
We have calculated the α − α interaction potential within the double fold-
ing model using finite range density dependent NN effective interactions. The
knock-on nonlocal kernel corresponding to the finite range components of the
effective interaction is localized within the lowest order of the Perey-Saxon ap-
proximation at zero energy. The resulted folding potentials are deep with an
average strength of 78±7 MeV very close to the value of Schmid and Wildermuth
[5] in their RGM calculation. The rms radius of these potentials is somewhat
larger than the corresponding value of the phenomenological BFW potential
(see Fig. 1). Our deep folding potentials reproduce quite well the experimental
values of the S-state phase shift and the properties of the first 0+ resonance in
8Be. The maximum deviation from unity of the usual renormalization factor λ
is 9%.
Successive supersymmetric transformations which preserve the continuous
spectrum are used to remove the redundant 0S and 1S states in order to obtain
physically relevant potentials. The phase shift and the properties of the 0+
resonance are calculated with the variable phase equation of Calogero with
proper boundary condition for singular potentials. A Gaussian expansion of
the resulted SUSY potentials shows a well known molecular pocket with an
almost unique long range attractive component with µa = 0.442± 0.005 fm−1.
The potential minimum is located at about r=3 fm, which corresponds to a
touching configuration and therefore implies a very small overlap of the single
particle densities.
We believe that our potentials are physically meaningful in the energy range
Elab = 0 − 5 MeV. Beyond this range high ℓ-order phase shift starts to have
significant values.
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